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COMPARISON OF WATER SUPPLY SY STEMS 
A FINANCIAL POINT OF VIEW. 
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DISCUSSION. 


tables given in the followi brief were not by 


comparative efficiency of the three general | systems: of 


perform the expected duty, until fin finally brought about, if not 


= data was gradually extended as each new fact failed. in its turn to e 


‘mote of view, at least an agnostic position in the mind of the aad 4 B 2 
Although there are probably a number of misstatements it in the 
_ tables, yet a sufficiently large number being verified by comparison — 


= official reports, due allowance being made for differences i in dates, 


‘itis believed that they are, in es main, correct. ‘oa fas 
‘Fort the data by m means of which Table No. ee and the greater part of 
Table No. 1 are calculated, credit must be given era the inv —— i> 
“Manual o of American Water-Wo orks Sort 1888.” 
thanks of the writer are due to | superintendents of the 


5 


Nore.—This Society is not responsible, as a body, for the facts and opinions advanced in 3 
Ge 
— 
— 
the Writer lor the purpose Of presentation tO this Society, DULIN Order 

Ove on cenoral nrincinle ertain assumptions i elatio the a 
ia 


FITZGERALD ON CO) SON TATER 
LD ON COMPARISON OF WATER 


*sqy OT Jo 
SIS¥q 94} TO 
1%}0} 
UI spunod 


Ur spunod joog 


 *eguadxe 
JO [$ Woue suoly 
ul spunod 


£q PaplAatp “3809 1830} 
JO [$ Joy suoy 
ur spanod 


~spunod yoog 


ur 
peunsuo0s 


‘spunod ur 
peprarp sosued 
jwnauy 


SUPPLY SY 


“1¥3 000 1 40g 4809 


| 


17 430 
15 364 
14 749 


© 9 = 


626) 
16 932 


4 


46 278 
88 850 


40) 


$752) 
293 
545 


PePIATp 3800 


JO 


NAME OF Town. 


5 
a 


230 000 


215 000 
70 000 


7 
000 000 
400 000 


450 000 


250 000 
200 000 
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Cincinnati, O 
Baltimore, Md. 


Nashville, Tenn 


Brooklyn, N. Y....... 
Philadelphia, Pa..... 
Boston, Mass...........+ 
St. Louis, Mo... 

Detroit, Mich. 

Yeveland, O 
Harrisburg, Pa... eee 
Louisville, Ky.. 
Portland, Ore. 


Francisco, Cal. 


Pittsburgh, Pa... 
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Newark, N. J. 
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various water-works whose annual reports. furnished the data on a which — 


Table No. 1 contains water-works data of all towns in the United 


hes having in in 1880 @ population | of over 15 000, ‘and whose ‘reports 


“were sufficiently full for purposes of of comparison. The omissions are’ 


chiefly among those supplied by priv ate companies. 4 Column 1 contains P 


of the towns; column: 2, the date of original construction, 


“when the present w works are a | direct | outgrowth of the first, or of the n 


date complete reconstruction; column 3, the estimated resent popu- 7 


the number of miles of pipes; ‘and 5, ‘the of Tn 
column 6, 10 | per cer cont. of the total cost is taken asa basis of comparison. — oy 


Although this “seem excessive, yet when ‘it is remembered that 


nearly every W water-works in the country is 


ear te twenty or thirty pena, ‘that. the rate of interest paid is from 3 to 7 -_ 


_~iper r cent., and that the life of pipe e systems, pumps and boilers, is cer- 


‘if anything, too o small. Even gravity system with masonry con- 


tainly less than twenty years, it will be seen that the proportion taken 


involv: of such a general al character, that a much less enduring 
original construction well have been adopted had the sequel been ie. 
known i ‘in adva 


4 


i ico 10 gives t the work done in furnishing the supply in millions 0 of e- 
foot- -pounds. There is evidently no question, when compa ring 


mie | efficiency of ‘systems, as to the fairness of making the } pressure a factor. BF 


The lack of it often makes the difference between a small fire and a 


' iE great conflagration, while an excessively | low head { 


causes (as in New York) an individual | wh 
although ‘unknown, must be e enormous. 


Column 11 gives the work done i in ‘millions of foot- pounds for each 


dollar of the 10 p per cent. “interest and sinking fand; column 12, the 


same ier operating expenses a alone; column 13, for each dollar of the | 
tota “daily ‘expenditure, in including end maintenance; 


column 14 is is the same as 13, but with ‘the pressure factor eliminated; — 


column 16 gives the total cost per thousand gallons in ce cents; it is, ae 


lore, the same as 14, but with the results presented in a different 


7 


4 | 
4 
a te 
| 4 q 3 
regate, 


‘manner ‘to cor ‘respond with common usage. 15 gives the 
‘minimum union so far as they could be be obtained. — 
4 Iti is omtens nei observe that, if the basis of the table i is corre, al 
the general : rates are based on the meter r rates, nearly yall the water-y works. 
in the country sell below the cost of production. Meter ‘rates seem, in 
_ fact, when on any basis, to tal take into account simply the operating 
expense e and annual interest. ‘This i is very apparent in Table No, 2. ae 
«iti is difficult to select any single f factor on which the efficiency, or 


what is. the + same thing, the proportionate cost, of any one uae. 


depends. The writer plotted the data in nearly every combination, 


. ‘but while there was a tendency toward a law, it was by no means 


: simple one. - Plotted with respect to date of construction, gravity ani 
servoir sy systems show a decided tendency to v vary inversely. “with “4 
age the works, while direct pumping give led horizontal line. sic rf 


parallel 1855 “a 1888. “This is the more 


from the great irregularities exhibited in certain and can there- 

plotted with respect to number of aie of 


_ pumping shows no ‘relation whatever ; gravity a slight inverse ratio, 
- that might be accidental ; and re reservoir systems an inverse ratio in the 
a. small systems, but none in the large. -Itis is to ‘be: inferred therefore that 
a the size of the p town, as s indicated by: the number of miles of 1 mains, , either 


‘has no effe 


ws Plotted w w ith reference to first cost, the total ‘efficiency of gravity and ee 
reservoir systems h has an inverse ratio, but direct pumping shows 10 


: tg With reference to ies ‘daily consumption, the total efficiency of gravity 


and reservoir has a decided inverse, while direct 


first cost alone : 
Gravity ¢ gives 


2umping to reservoir 
‘Tt, one town 


ve 


4. 


— 


— 
a 
= & > 
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f 
‘ 4 
; equany aecided airect ratio to the or water used. 
ges of all, with respect to efficiency based oa 
- 
list of grav. ity systems, 
the efficiency of the latter will be about the same as the reservoir 
al 
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Based on operating expense alone: 


will be: seen, by comparison W with Table No. 2, that the difference in 
avor of the gravity ‘systems: represents pump-| “house the 
about half the total for maintenance. 
Based on on the combined exp expense of interest, sinking fund, and ms 


Correcting the gravity average for the one town will make it 


_ the same as the reservoir systems, leaving ab balance in pease apes f direct 


= Pumping to reservoir. . 
The percentage in in favor of direct p pumping ‘ 


_Thet total average cost per thousand gallons in cents will be: . sf 


ie Again omitting Alt oona from the gravity systems, the latter will give oh, 
an average of twelve cents per thousand gallons. Direct: pumping as 


former t two it wo it will vary inversely with the age of the w econ ‘the size of a 


Va ‘the tow town, , thee quantity of water consumed, and the or iginal cost. - Also, 
‘that the efficiency of direct pumping in the works reported is inde- 


pendent both of the age and or riginal cost, and increases - direc etly with Ss 
consumption. These ratios do not, of course, apply to small towns 


where the addition of a reserv oir of twenty hours capacity ‘adds but 
cent. to the total cost and diminishes the pu pumping expenses by 
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Ts and No. 2 is deduced from current official eens of the towns “a 


questi on, and is self- explanatory. Pressures are given in feet, the |i 


res are 
d head Ww hen rable. The interest is s that 


“are unduly high,. compared Ww ith Table ‘No. 1, om chiefly 
from New England reports, Taking the them as they are, the persentagiill 

" to be: added to the total cost, in order to ) make » the | price per thom 

gallons cover the | the sinking fund used Table No. is for gravity, 70; 
7 for reservoir, 30; and for direct pumping, 110 per. cent. oa ae pi 
A It will be: noticed that the cost per thousand gallons” due to the in 
_ terest account is for gravity, 67; for reservoir, 63; and for direct pump: E 

ing, 51 of the total. The operating expense is nearly the 
a a 8a same for gravity y and direct } pumping, ag, the difference in favor of the ater 
being due to a smaller first cos cost. t. The operating expense for or gravity 

and reserv oir systems is the same, if from the | latter be deducted the 

a pump-house account, — 
‘The e number of e of examples | taken is t too small to show the Tatios of 


‘Table No. 3 is added to show what has the practice ¢ of designers 


_ of water-works in this country. In the percentage column it will be 


‘seen | that the proportion of gravity systems 8 BTOWS smaller Ww ith the date, 


- . = 4 This i is due to several reasons, among the : most important of ‘which are: re: 
+ All All cheaply available supplies will be secured as soon as the need is felt, % 


eo that a great number w ill date te almost from the | beginning o of the] his- E 


4 tory ; of the town; favored localities are comparatively few in . number; — = 
og and, finally, the total proportion is greatly d dwarfed owing tothenumber § 


wo of smaller works built during recent byenme. On the other hand, the ratio 
ag is increased beyond its merits, owing to a popular prejudice that com- 


Mtg pels a designer, whatever his private judgment may be, toseek a grelly 
1A supply: whose possible cost Ww nm be based less on its relative ve value than 
the paying ability « of the town. 
Reserv oir systems keep nearly the same ratio throughout. 
ae - Direct pumping came into favor about 1870. It was at first regarded 
more as a makeshift, compelled by. the ‘combination 0 of ‘general financial 
depression : and high prices of material, than as a a permanent system, — 
"4 but as pumps mame adapted to that special service appeared, the method 
soon grew into favor as a recognized system of supply. Being under 
great disadvantage when the consumption i is small, the r reservoir- stand 
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system becomes its natural development under such conditions, 

we therefore find the percentage of the latter showing an inv 

‘ratio with the direct system. That the stand- -pipe ne modification is a 


~ favorite in small towns is s seen by i its frequent use in the later works, 


greater part of the latter being of moderate size, a 
| Disregarding the gravity systems, | as being entirely dependent u upon 
local conditions, the arguments in favor of the reservoir, as opposed to 
are ‘usually. based on the followi ing 


Ra's 
NM Second.—Greater economy in running expen 


reservoir. 


; ‘Third. —Purer water due to sedimentation in 
vies respect to superior fire protection the somewhat meager statis- 


og tics in possession of the writer prove little, and that little is is in fav fav or of 


direct system. Large towns s that ; depend upon their ‘pumps 


> 


aeticn, with hydrant pressure ‘thet is limited only by th 


‘strength of the pipe pe system, The p pump in ‘daily can be, and ofte 
is, ran at its full and most economical capacity, | giving a “‘ life duty” 


: -alw ays a duplicate plant that can be brought into service at a moment’s 


that well compensates for its s idle brother. Since the boilers supplying 
‘steam to the daily service pump are, as a rule, taxed ‘only ; about 50 pe 


; Gent. Of | their full capacity, the reserve pump can be brought into ser-— 


vice 0 ones. » can also be noted that the x mere of the fact 


that even a stoppage of a few mi ninute: 


sv 
"probably investigated, tends to grea ater and on on the 
_ part of the men in charge, with a saving of the ame erbial nine ® stitches. 


‘The of the service also demands, a 
on 


vig 


=" 


of the latter, and a new w one is is purchased to ‘perform guardian 


duty. The old one then, if not worn out, can be sold for r some fair 
“centage of its } original c cost, as it is still useful in many situations where 


a high duty i is ua t required. ii It is thus seen that the he purchase of a 


duplicate plant antedates but a few panes the actual necessity, and is 


= 
if 
— 
4 
a 
a 
im 
Ga Usual By * om 


: ‘When i in a reservoir system the method i is adopted of pumping a a 
4 “halt the time, the outlay f for engines will be at least ; equal to the dupli- i 
“cate plant of the direct system. The strains in the boilers induced by D 
a = cooling each night, when the fires are banked, must have also an 2 : ls 
injurious effect upon their durability. ae b 
‘With regard to the purifying action of storage reservoirs the writer f 
q is of the opinion that, with the exception of the removal of the grosser ‘ a 
4 ; P particles, water is far more injured | than improved by the process. Th ff if 
: mud and slime that is s deposited i in the bottom undergoes decomposition f 


__ whenever the weather | permits, sustaining an infinite number of evil 
8 smelling plants. There is s also usually | a fouling of the whole body of 


“water rat each decided change of temperature. 


The re removal of the first cause, the mud, could more easily, and cer 


“tainly: more per fectly, be attained by some one of the many good forms 


mechanical filters. A battery of these can purchased for about 


ual one-quarter of of the first cost of a reservoir, while they have the great 


vou vl & 


y advantage of permitting, with small waste s bee sO frequent cleaning a 
as to prevent the first beginning of decomposition. 


7 ‘Ifthe If then, from the e above data ary conclusions can be drawn, they may 


4 be summarized as follows, supposing in every case that the three 
4 systems s of supply y are open to choice: pA Whatever the s size of the town, a 
gravity system would be ‘most efficient w whenever these conditions are 


fulfilled—the ‘supply of ‘unquestioned present and future purity; the 

7 a quantity sufficient for the n needs of the next twenty years without great 7 
additional outlay; a and the ‘original cost such'that 8 per cent. thereof will 4 


be greater than 60 per cent. of the total operating includ- 


4 


A direct pumping system will be the most economical; when the 
4 town is of such a size that its daily consumption will be more than one- | 


million gallons; hen the supply is good” and abundant, bat 
situated a low level; at cand} w when are no > great differences | ler 


plied with a reservoir system, having an independent t force ‘main, ain, 


When the ‘consumption is less than one- million n gallons, direct 


‘pumping whe. a reservoir-stand- -pipe of of at least t tw enty ‘hours capacity, 

in the ‘distribution system, will giv give ‘the most | 


‘these, when of smal] comparative area or consumption are best 
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W hen a town is so unfortunate that its supply i is insufficient during — oe 


s certain in portions 0 of the } year, or when that supply i is sufficient for ordi- 


capacity will ‘then be necessary. orks of t the latter kind can 

be regarded as temporary in charac aii the inev itable growth of the ~ 


forcing so soon radical changes and possibly reconstruction. 


Although the Ww is - are no hard and fast yale an | e 


for a choice of a system, and that a hundred local cireum- 


4 stances Ww ill determine e the final selection, yet he believes that few 


general principles like the above will afford some to of 


+ Before leaving the subject it it may be well to call attention to the ~ = 


¥ lack of accurate data as s to the life of various pi parts of a water-works 

Although data ‘undoubtedly | exist in the offices of each 
plant, they ar are only available to the profession through» the brief and 
detached hints found in annual reports. Wi ho can tell, a in 


individual “cases, what is the av erage life of a pump, and how much has 
= been spent on on it for r repairs, or under what condition of soil a cast- iron 


x pipe pe will last five or r thirty 


tion; no distinction was vas often mele 

l and in a great number of cases no interest account was given. 

manifestly: unfair, also, when n comparing the ‘efficiency of different 
ay 


towns, to charge a percentage sinking fund against an 1 original cost, the 
major portion of which has long been paid. 


* 


DISCUSSION 


FrrzGuratp, M. Am. Soe. C. E. 
this discussion. It is a task Ido not particularly enjoy, and — 
much prefer to dns some one else aie. as I do not find my self at all 


the nature of criticism. Iam very sorry that the author of the paper 
is not present, for it always s seems to me that one can speak more unre-— 
servedly if the author i is to defend his however, there 


4 a 
— 
7 
4 3 
a 
a 4 improvement. Not more than one-quarter of those in the possession of tf 3 
the writer were available in preparing Table No. 2,as many that gave — 
a 
i= 
— 
3 
— 
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s ~ are certain duties that we owe to our profession. I must confess to dis. 

B = in the data and results contained in Mr. FitzGerald’s ‘paper, 

Table No. 1 the Boston w works, for instance, are classified 
the head of “Pumping to Reservoir.” 


Ri Rc In round numbers, of the 40 000 000 of gallons supplied to Beak 
ae ity, there are about 14 000 000, including the Mystic works, so called, : 


we 


a —_— | which are pumped. Our main supply is carried to the city by the 

Cochituate and Sudbury River aqueducts by grav itation, and then abont A 
Ee = . = 4 6 000 000 of gallons daily are pumped, within the city limits, to a high — 
service reservoir with a separate distribution system, so that I have 
. 4 always been accustomed to look ; upon the Boston supply as s principally i 
_ gravity system. Sixty- five per cent. of the consumption is gravity, 
and simple, and of the remaining 35 per cent. nearly one-half ig 


— brought from the sources by gravity before passing through the pumps, 

a = These facts are all set forth fully in our annual reports. - Aside: from 

a. of _ errors s such as this, I think there are some points made in the text of the 


= 


, » ag paper, against w shich we should raise a mild protest. Is it possible, from 
a as . facts like those contained in Table No. 1, to produce a set of hard and — 
- fast rules applicable to all or even a majority, of cases 2 It seems to me 
that we must consider | each | CASE © of water supply under its own particu- 4 
= a lar conditions, and that serious errors are liable to arise from lumped | 
- glassification, taken from statistical tables. A I should at least advise my 
a who are just setting out in the water supply branch of the profession, — 
to study very carefully the data contained i int this paper sate accepting 
4 notice on page 5 5 the life of pipe . systems is set pay as s “certainly 


i less than twenty years.” I should think this a v ery short period to take 


as the life of a cast-iron pipe. 


os As to the effects of storage > upon & water supply system, it strikes me 
7 a that the writer has fallen into serious error. It will be found, I think, 
that the only waters which deteriorate on storage in properly prepared _ 
__-reservoirs, are those which are filtered or taken from subterranean 
sources, is already well understood, these waters should ‘be stored 


- about 6 000 000 000 of aeitiens, and in the management of this storage, I 
: oa have had an opportunity to watch for a number of years the effects of 
= "storage. _ The results to to which I have arrived are, , that surface waters 
are nev er injured by proper storage; on the contrary, that the chances ' 
are in the great majority of cases that they will be very materially im- 
4 proved, and further, that the poorer the quality of the water, or its 
a equivalent, t the greater the amount of organic matter in process of 
change, the greater will be the benefits of storage. 
[have abundant facts and figures to fortify this position, but this 
is: hardly the proper opportunity to enter into an extended argu- 


ment. I should like to statin, that I | found most 
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is the different forms of hich represent the first stepsin 
er, putrefaction, such as free and albuminoid ammonia and the nitrites, are 

ler - Jessened in proportion to the length of the time of storage; the 2 color i is 

-Jessened, and the impurities, 80 called, rendered more inocuous. 

on From long experience and many experiments on a large scale, I have 

d, found that the effects of storage are very different when a reservoir is 

he properly prepared by removing the shallow flowage, and taking out the 
ut “Toa, muck, stumps and other objectionable matter from the bottom ; 
h and sides of a a valley, before flowing it with water for a a domestic supply. 

”é | Ifno pains are taken in the preparation of the basin or reservoir, if we 

ly § store water over a swamp or other source of decaying vegetable matter, 

a E we must expect to pay the penalty. — - But I am afraid I am making m 

is |  diseus scussion too long and will close ‘with the remark that there is one 

a | 4 clause in the paper with which I can agree most heartily, and that is is 

m § that “no hard and fast rules can be formulated for the choice of & sys- 

he | tem, and that a hundred local circumstances will determine the final 


od | SAMES B. Francrs, Past Am. Soe. C. E. —I should like to 
ne | know under what condition of soil the cast-iron pipe will last only five 
years. It is within my experience and know ledge that pipes at Lowell, 


ed § which were obtained from Philadelphia in 1830, were then intended to be 
under a pressure of 150 feet head , and are now in use 

D, feet head, without any signs of failure after sixty years’ use. _ 
ng _ F.L, Fouuter, M. Am. Soc. C. E.—I question the statement that the a 
life of pipe sy ‘stems is not more than twenty years. I there are 


statement that 1 many water co companies sell water the “cost of pro- = 


ne | B. Director Am. Soc. C. E. —I agree very heartily 
k, Fe q rith the remarks made by Mr. Desmond FitzGerald in 
ed _ paper, and T ag agree e with one paragraph c of the paper, 1 a 
an well to call attention to the lack of data as to the life o of systems, : - 
ed although such data undoubtedly exist.” The records in this particu- 

to lar are certainly very brief and as they are ) usually in 

relation to other important details: ‘affecting the ‘operation of water- 
of works; and it is from just such unsatisfactory records that these data * 
ms § have been collected. Mr. FitzGerald has referred to the different con- — 


ditions under which a supply i is obtained at different points. i. On one of 


the under my ‘control the force n main is 17 miles long, on another 


it is necessary to pump the water three nee before it reaches 
- the consumer; on the other works it is pumped direct to the consumer. " 
There is no relation whatever between systems which have only a a low low 

- service and those which have a low and high service. The data upon 
which this paper nent been panpaenl I think are utterly inadequate as 
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262 DISCUSSION ON COMPARISON OF WATER SU 
—@ basis for any safe conclusions. The conclusion as drawn seems to 
me rather peculiar. It is true that in some instances a direct pumping 

S Ascem is perhaps desirable, yet it is strange how many towns, after they 
have established a direct pumping system, have found it necessary tg 
prosaten and those changes are being made all over the country. The 
yer naturally drawn from the paper before us would seem to be, 
that a direct ‘pumping | system was much the ‘most economical, That 
has not been n my y experience, ‘and I think before any such general prin- 

_ ciple is laid down, very much more careful and full investigation should 
be made. I object to ad such conclusion going forth from all 

“Society, 

‘The extreme draft on different ‘eliainss varies as compared with the 
ay erage draft, but it is safe to say that the draft in the middle of the day, 
from 9 to 3 o’clock, is often three times the average draft of any given 
plant. If you have a direct system you must have at least a pumping 
capacity equal to the extreme dr draft; and the pumping capacity will have 
to be at least three times as great as the pumping <apacity on the reser- 

_ voir system. _ That carries with it not only the pumps but also the 
boilers and appurtenances. > The strain on a plant which is supplied by 
direct pressure is always a very serious matter. 2 have compared the 
iy —_ hourly draft of different systems, and I have found the loss greater on 8 
direct system than on areservoirsystem, 
_ My own experience is directly the rev erse of the conclusions of the 

: writer, and I certainly would not be willing to — his conclusions 

unless the data were very much more ‘satisfacto 


J. B. Jounson, M. Am. Soc. C. E.—I would like to enter my 7 poll 


<1 against any kind of an argument based on averages where the average 
= “4 is of this kind; this average is is the straight arithmetic mean of all the 


@ quantities in the table, giving ‘equal weight to > all. _ ‘Thus, for instance, 


_ under Pumping to Reservoir, Table No. 1, I take City of Pittsburgh that 
supplies 30 000 000 gallons a day at a cost of 5.9 cents per 1000 gallons; 
of ~ = he pe that no more weight in a his average than the City of Newport, 


a x In the first place the conditions and the items a are sO various 

that an average means nothing; an average would mean nothing even 

a though the cities were all of the same size, but when one city uses fifty 
_ times as much water as another and has fifty times larger works, he has 
= given them both exactly the same weight, simply taking an average, 
counting each city asone. An average like that is worse than nothing, 

it is misleading. Engineers should know better, for they know that 

=" one fact is more significant than another. As he acknowledges that his 

cone lusions are drawn from these tables: and not from what his judg- 
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might lead him to conclude from the facts, submit 1f this 15 Be 

a absolutely a false basis on which to base an argument for engineers 0 


an in settling so important a ait as s deciding what kind ofa system — 


in forthe water-works of a city; 

hey - H. McCann, M. Am. Soc. C. E. —Mr. FitzGerald says that there iu 
vty are probably misstatements in his tables; I find this to be the case as_ 
The regards the City 

be a The true statements as to tie city are as follows: From 1855 to 1883 

bat Hoboken was a portion | of the ‘distribution system of Jersey City. 

Binoo 1883 water has been supplied by a private company (The Hacken- 

ld q - sack Water Company), the supply being paid for by house rates, 
his ie which are collected by the city authorities and paid to the company, lees Paes 


e 4 - percentage @ to pay for expenses of care of mains, cost of collecting, etc. 
The present population 18 about 43000 instead of 75 000, and the 


ay, Sa length of mains is 20 miles instead of 78.50 miles as given ~ 
Joszrn Ramsey, Jr., M. Am. C. E.—I come from a city where 
- to-dayI think we are getting posted on water-works, that i tis, Cincinnati, 
_ There we have water-works, but no water. Mr. FitzGerald is not here; 
aa we seem to have discovered it somehow; I dislike to see a man 


by ' pitched into when he is not present to defend his paper; Mr. a 
the = Gerald’s general deductions probably a are not altogether : free from ie ; 
4 errors which follow too broad an application o of averages, for there is ail 
rule that ‘‘ averages will lie sometimes,” but I think he has given some 
the | tables which are of great value. The tables made from the reports of ‘ 
all the various companies are very interesting. Of course in some cities 
where they have combined systems, such as Boston and some other 


a places, he may be mistaken in his conclusions, but any one willing to 
test : make proper allowance for the varying conditions governing the opera- | 

tion of the water-works of each of these cities, can take these tables a 
the ; make his own deductions. a think this paper is worthy of som Korn 7 


108, ; and for the tables he has { given us Mr. FitzGerald certainly dese 


ns; The ‘Gem Mercatr, M. Am. Soc. C. E.).—If there i is no 

further discussion I want to mention one matter that is to me of great 
“interest. It alwa ays did ‘seem to me that it was extremely dangerous for. 
a town to depend upon a pump if it was possible to get a reservoir. - rea 
__We have had at times a great deal of trouble from the floods in the 
9 River, and a couple of years ago I thought I would make a 


great improvement. T had the Philadelphia Company send their dredge > 
up and dredge a place some 10 or 15 feet deep in the bed, and near the — = 
‘mouth of the Allegheny River. I then had a heavy timber crib built 
in the space thus dredged, and sunk our suction pipes into this crib. = 
We got a beautifully clear water, and d thought 1 we had done : a very great 
veg but i in a few days | our whole concern was up in arms. ie A grent Ete 


ya = 
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— 
‘a 
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not : i aid if he had to use - | 
| 
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that water he would give up the job because he knew the result would 

‘be an explosion. Of course I thought they were simply pumping ont 
a a little loose sand, but I had Professor Langley take up the matter and > 
analyze the water to see if there was any real cause for trouble. The ¢ 
_ Allegheny River water is a very y soft, delicious water, and we found 
that we had in that short distance of 12 or 15 feet struck a sub-riyer 
4 of lime-water some 12 feet below the Allegheny, which contained thins 
teen times as much sediment as the -muddiest river-water we could 


4 from a dirty flood stage in the river. . Sow we were obliged to destroy od 


Lenanp FrrzGeraup, M. Am. Soe. C. E. —It was my intention j in 
aa a the foregoing paper to confine the arguments to the ) Scope of the title, 
“i = is, which class of systems is the cheapest based on the data at band. 
_ If no reliance can be placed on the latter, no general conclusions can be 
a a _ As to the average life of cast-iron mains, I confess that I have 
able to procure no data on the subject. _ Inj Sche nectady the mains were 
7 originally of cement-lined wrought-i -iron and were laid in 1870. They 
have almost entirely been replaced by cast-iron, and all extensions since 
: that date have been of the latter material. _ Many of these have been re- 
‘Waid t but, as much on account of insufficient size a as | of growing weakness 
a From the conflicting facts as to the effects of storage on water, the 
subject can hardly be called settled. Mr. L. J. LeConte, in a paper read 
before the American Water Works Association, discusses the effect of 
storage of surface waters on a large scale on the Pacifie Coast. In addi- 
_ tion to this, nearly every report from towns having a reservoir system, 
speaks of there being trouble at some time or other from low growths 
4 Rain water is stored in some Mexican towns in large quantities and in 
cov ered reservoirs. water at the end of the dry | ‘season 80 
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TRAN SACTIONS. WS 


Nore. —This Society is not sab body, for the facts and advanced in 


of its publications. 


b (Vol. XXIV.—April, 1891.) 


DETERMIN ATION OF THE STRESSES IN 


Cam, M. Am. Soc. 


at new method of ascertaining the stresses: in elastic ‘structures, by 
“means of the principle of Least Work, has 1s been ‘elaborated by Castigli- re 
ano, in his “Théorie de LEquilibre des 3 Systémes Elastiques ” (Turin, 


ho claims to! have given the 1 first st complete demonstration the 


in which the law laws of clasticity to ‘be considered in ‘finding the 


2 stresses; a: as in every kind of beam or arch, trusses | of any shape with — uy 
superfluous members and a all systems where there is any continuity i in 

e members or where there i is not free play at the joints, as in nearly ‘all: 


It further offers an an exact method eae poe we can en the limit 


of error ‘made i in our ordinary 8 approximate ‘computations hich ‘apply 
ex- 


pet 
be 
in 
nee — 
em, 
#33) 
The method is found to be of verv general applicationtoallstructures 
4a 
& 
ff Poses some of the unknown errors which are usually included in our 
— 


calm THE METHOD OF LEAST WORK. 


“ factor of of safety,” ’ though it has more appropriately been termed la 


actor of ignorance. 


the first nine articles that follow, the of least work” 


i and “deflection” are deduced by a aid of the } principle of virtual 
ities as s applied to framed structures,” a as developed by Mohr, 


a = and others. 7 The rather obvious relation between the thetw 0 has, doubtless, 


” been hitherto observe: ved, though the writer has not me met w ‘ith it anywhere, 
Castigliano are ve very direct and elegant; bat 
“the meth method of virtual velocities, which is valuable in itself, leads so oeaily 


and unmistakably to his conclusions that it was preferred t to his 


“trations, , particularly as it leaves no doubt as to the exact interpreta 
tion tion of results. A résumé of the method of virtual velocities as applied — 
a too certain framed structures was given by Prof. George F. Sw ain in te 
Journal of the Franklin Institute for February, March and April, 1883, to 
e™) a _ which the writer is pleased to to acknowledge his s indebtedness, = & 
— Articles 10, 11, 12, that follow, ar¢ are given certain essential theorems 
a | _ (taken mainly from Castigliano) n necessary sary to put the: reader, in the briefest 


ng time, in possession of the general method leading to the applications, — 


The theory of arches i is then 2 carefully developed i in Article 13, and pains 
have been taken to make it as clear and simple as as possible. — 
os a... As Castigliano’s s book is accessible to engineers, it it was thought best 


a : to refer to it for the numerical illustrations of the theory, w which are given 


there in great number and variety. Some of the methods and results” 


are briefly stat stated in however, ‘referring Composite! Strue- 
tures,” and a comparison instituted between these correct results and 


those given by approximate methods, ‘which should command careful 


in cases where the exact and approximate methods d do ‘not differ =: 


widely, for. although the , method of least work leads toa a direct and sys 
_tematized method of procedure that is easily acquired, yet the numerical 


7” applications are long, and will hanity come into daily use for such cases. 


a Where the e exact and approximate methods differ widely, the method of 


a a In fact, such | Comparisons | should be the main object i in view 


4 As preliminary t to the treatment of elastic systems, we shall | first —™ 
the well- ‘known relation between the stress and the > change of length 


ofa a prismatic. bar subjected to simple tension or compression in the 
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- ireotion o: of its length, and then deduce an expression fo | for its elastic 


a ‘elasticity an 
from experience that when the resultant stress acts along the a axis sand 
the: limit of elasticity has not been exceeded, ‘that, 


tt for the sake of aes we pu utc 


quantities that enter in in (1 ) and (2) by proper 


P. Now, if the incltlias or shortens the amount A by the action of 7 
: a load P acting in the direction of its | axis, which gradually increases 
t from O to its greatest value P, the stress likewise increases gradually — 
from 0 to its greatest, value s, and at ‘any instant ‘the stress is exactly 
equal to to the load. d, 1 Then if successive values of s, beginning with O,are 


+k 


3 


or since load P= = 5, load change of For a 
deny applied load P, causing a change of length ‘and maximum stress 
8, the w Ww work of the load is PA and since stress gradually increases 


equal, = = 2P, or or maximum stress, is double the lead, hone by 
the ¢ change of length i is double that for a gradually load. After 
series of oscillations this change ultimately becomes due toa 


‘gradually ap plied load, and. reduces to. P. 


d 
3 
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&§ 
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ew § between the extreme valves A = Cat A 
cal | 
— 
aio 
the 


CAIN “ON THE METHOD | F LEAST WORK. 


Sr ECTION 2.—THE Law or V. IRTU RIUAL Vv 


Tf the point of action of ton is supposed through al 
_ indefinitely small distance, the projection of this distance on the = 

tion of the force i is called its virtual velocity. 


i <a If the direction of this projection, counting from the original polat 


of action of the force, i is in the direction of the force, if if the force 
“moves forward | as it is , directed, the virtual velocity w rill be ¢ called pl, 


if the direction of the projection of the displacement i is opposed to ‘hat 


; of the force or if the force is mow ed ‘backward val contrary to the 
omar in which it tends sean: then the virtual v velocity will be called 


= the shove: conventions the principle of 
a : 7 - ties consists in this: that if any ‘any number of forces, at ‘one or more points 


a body, be be in in equilibrium, then if the ‘body is ‘Supposed 


receive an indefinitely small displacement, the : algebraic sum of the pro- 
ducts ‘of each force into its virtual velocity i is equal to 
_ ‘The product o of a force by the distance through which it is is moval, 
along its direction, is called the work of the force, which is 


- a or negative according a: as ; the virtual velocity i is Positive or neg 


As trusses with bars. will be in what follows, 


’ iti is s well, likewise, to recall, that where the figure of a truss has more 


‘ines than are necessary to strictly define its form, i. e., to fix its apices, 


when ‘the length of sides a are given in order, the extra sides are said to 


i The relation between the least number of sides m, or the number of 
“*necessary ” bars in a truss, , and the 1 number of joints or a: n, for 


strictly: defining the form of figure of i nvariable form, is easily 


as 


Thus, plane figures, assume e the por position of one side, fixing the 


two apices at its ends. From these apices we can fix another 1 with two 
new sides, then another with two new sides from two apices previously 


fixed, ‘and so on; therefore, to each of the (n — — 2) joints other than the 


first two, corresponds two sides, so that the total number cof necesury 


=3( (n — 2) +1=2—3. the n number of sides ex 


the extra number are to strictly define the 
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For figures i in space, we select three sides - in position to fix three 


- spices, then to fix each new apex, we need three | sides or distances from 


bf ‘three : apices already fixed. Therefore it takes three sides for each apex, 

except the first three, which required only three in ‘in all Therefore, 

= 3 (n — 3) +3 = 8x —6, which gives the least number of sides to = 


constitute a figure of invariable form i in space. 


| 
eg Now, i in any wom, without superfluous bars, constituting a figure of 


Ss RES 


= 


form, statics can determine the stresses in all the 


at at each of the joints, for trusses in one plane, we can write two 


equations, expressing tl the that the sum of the horizontal as well as 


a of the: vertical components of the external forces es and s stresses in the bars, ’ 


meeting there, are separately equal to zero. This gives 2n equations, but 
| these teduce t to - independent equations for 


te bets een the equilibrated neues forces, indicating that the sum of their . 


horizontal components is zero, the s sum of their vertical 


on zero, and the sum of the moments of the forces about any point in 1 the 


lane of the forces, is zero. 
pan For trusses having any position in space, statics gives at each | an 


- three equations, expressing that the sum of the components of external 


- frees and stresses there, parallel to three axes, are separately equal to 


— _, giving in all 3n m equations; | but we have now 6 equations of equilib- 


e truss, therefore, has superfluous bars, ‘statics will furnish too 
equations by the number of superfiuous bars. 


4.—Appric ATION OF THE or Virtuat VeLocrries. 
ae Let us consider the frame, Fig. 1, lying i in one plane, free to move at 


“the jc joints, with smooth supports | and having one superfluous bar, say 


since m = 6 exceeds 2n — 3 = = 5, by one. 
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Gg form. Aless number will give a figure that can change its shape wi = 
= 
nts 
r0- 
4 
x 
— 
equations between the strenses reduces to (8n — 6) or 
In both cases, then, of trusses in one plane or having 
” ~ tion in space, we have only as many equations as bars, when there ar  —- 
he 
sly 
eds 
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on on the truss, that bar OD a: 
_Temov red, and that that two ‘two opposed 
each equal to to unity, ad 


toward each other at and 


ST p along the line CD. 
‘These forces will genenlly 


al cause stresses in the : remaining 
Fig. | ~ bars, and reactions at sup- 
ports, unless they are smooth as assumed; that can be computed om 
Statics te the ‘stress induced | by the forces 1 acting along | CD. 4 


on n by two forces each equal to u wating 


Now from Ww whatever cause, suppose the distance CD to be increased 


an amount Ap due to an increase JI in AD alone, | the remaining bars 


their original lengths. ‘They virtual velocities of forces 1 

- wt are both negative as by y Section 2, the for forces are moved con trary to ; 

their directions. Therefore by the principle « of ‘virtual velocities 


The value of the elongation from this equation is 80 
a that the p points C and D must ‘approach each ‘other when. A and D recede 


from each other, a as would h happen when wu is tension . It is conv: enient, — 2 
however, , throughout, w hen we do not know the character of the stresses $ 


ce. beforehand, to assume the stresses in in all the bars to be be tensions, and the q 
corresponding change of length between any two a apices tobe an inorese 
On solving the resulting equations to be presently deduced, 1 the true 
a character of the ¢ stresses will depend upon 1 the sign n of the resulting — if 
; Stress, plus for tension (as assumed), minus for compression. _ 


the forces unity, acting along CD, cause oom in th 


bar AD, it it supposed remov ved, then the ‘two forces uat Aa 
f 


a 


— 

Ay 
> 
— 

— 

— 

— 
— 

e forces unity cause tenga 
— removed if we replace its acti 
toward each other at A and D. — 
a 
— 
— 
— 
— 
— — 
q 

— 
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? will act in the o opposite directions to those shown in the figure, and the 


term (— ud) in | in (4) becomes (+ uJ/) and Ap' =+ udl is an elongation a 


‘We see, , therefore, that wu, in equation (4), is to be taken as - or — 
according as as it re represents tension or compression. 
ON Now, there has been ne no restriction whater er as to the 


value ‘of JI, it can be taken equal to the actual change « of length iol 


ax 


’  barAD due to the loading assumed f for ‘the complete t truss bars AD and — 
included. Hence, if we call a, ‘the length of bar AD, Pt ‘its modu- 


lus, o, its cross- -section and s, the actual stress in it, due to th the actual é 
loading on the — we have: 


es 
4 


So that equation (4) becomes 
if ‘is tension, it is to be given the + sign, if compression 
—sign; since since in the first case Ali is an elongation as assumed, and i in the “a 


case a shortening, that the virtual velocities, as 


second term of ‘the first member sign with The 


‘rectly inte interpret the results. alts. 


| We can now write an equation similar to the last one above for the 
) | -Temaining bars of the truss, by considering the change in length 
Be due to each bar in turn, supposed elastic, the remaining be: bars — 

superfluous bar CD, any bar can "change length without causing 
of length i in other bars. le, ak 
erefore regarding all the bars as clastic we the total change: 
vot flength of cD (plus for an elongation, 1 ‘minus for a a shortening) dye. to 


“the of — of all all the he bars other CD, equal 


= 
being temporarily sup) supposed inelastic, since in the truss the o one 


le 


i os this leek of length 4p in the distance CD, due to the changes es 
in of the other bars, resulting from the assumed of 


— 

rel 7 

; 

— 

4 

— 
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bar after strain, in consequence of the nec necessary geomet 


relation between the lengths (Section 3). 


‘Therefore, if fs, is the stress caused in the superfluous tous bar | by the load. 


ing, and ay, and the length, modulus and cross-section 


we designate by 2 y, the stress caused in any one 


_ necessary bars by the loading assumed, when the superfluous bar is 
removed, which stress can be computed by statics alone oe: also can u, 


the stress caused by forces 1 acting toward each other - in the line of 


a the removed ‘superfluous bar, whose real stress is Sn)» then by the prinei- 
ple of the superposition of effects, the actual stress in the necessary bar 


7 Ons substituting such values for s in equation (6) fo: for all the ‘ecessary 


\. bars, we have an e an equation i in which the only unknown quantity i is. (the 
stress in athe superfluous bar), which can thus be found, and afterward the 


_ the ‘the resulting s sign not s, and of the stresses in the necessary bars wii Lindi 
‘ 
_ cate the character of the actual stresses i at al the bars due to ) the assumed 


having but. one superfinoas bar: 


AS; 
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— eee ey aa to the same loading, since the fina engths 
fluous bar CD, due 

| 

q 

— 
oa 
— - _ the sum being —v this number of bars is necessary to define 

ln 
— 
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r 
ed Dy ald OF (1) 
Strict attention must be paid to 

(n—1) on the dis- 
wetermthe»—1b bar will be the superfinous one, and 
ing by the proper subscripts the constants a, @, 
esas = designating by the p follows, for any truss 
itm 
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where 8), have values given by expressions of the form shown in 
equation (7). It is well to observe that the demonstration | given ‘is 


29) 
a equally correct, , whether the truss is ‘supposed i in one plane or not. onde 


Example.- simple example will illustrate the Working of the 4 
pr In Fig. 2, the frame is "supposed to 
consist bars) 1, 2 and 3), whose 
: 
lengths are a, dy respectively, the bar 
AB being taken ; as the superfluous one. 
distance BC = 0D= the actual 
due to load W at are 81; in bars 


the moduli ep Cay and the cross- 


2 3 Now suppose the bar AB removed, and that forces s equal to unity act 
the 3 towards o each other at 4 and B, the weight W being removed. Calling 7 
r . the stresses induced in | bars 1 land 2, byt these forces unity, u , and u,, we 

4, have (treating the as tensions until ascertained), on ‘balancing 
‘vertical and horizontal components separately at the : apex 


f 


= "a 


ace the actual in bars 1 


We can at once substitute these values in (8) and solve for 


and 
per- 8, = 83 and then find nd s, and s, from the eqnations | above; we have there- Fy 
8) rom m whence by substitution and reduction we obtain finally, putting © aa 
finally, putting 


4 
ical 
if 
- (6) 
3 
4 
Similarly. calling Vand the ctroccag panced in hars 1 and 2 ‘a 


CAIN ON 

rene is always +, so that 3 is always in as assumed, 
in bars 1 2¢ can now be found as and their 


Let us consider a frame of * bars, free to move at the joints, having 


one superfluous bar. Number the bars consecutit ely from 1, so 


the th bar is the superfluous bar. ar = 


Designating, as in the preceding the proper 
_ the constants a, &, @ and wu pertaining to each bar, and writing for 


then equation (8) can be written, 


cewise have, 


—" the derivatives with respect to of 
A »—1 are not functions of ‘they aimppoar in n the 


differentiation. 


Therefore (9) ca can be w written, 


which is ‘the differential co- -efficient, “with respect, to s,, put equal 


zero, of the. expression, 


F n 


a, 2, & 
be 


> 


= 


és 


q 
| 

— 
— 
| 
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- which by Section 1 represents the total work of of | deformation of 2 all the | 


— 


bars that constitute the complete truss: the | loading. 


We the therefore conclude, for a frame with one superfluous ‘bar, that the ea 
"stresses of the after deformation are such as re ender a minimum the 


work deformation of the system, having regard t to laws of statics. 


ih order oa make use of equation | (11) to determine the e stress 5, from 
which 8 can ‘be found (10), we must “express vi 


involv ed. “When the values of s 8 are e given, as in n (10), this 


tions both of s, some of the other last are ns 
Say and before the differentiation can be 
a It will be observed that aie (11) is is identical with equation (8) o 


- Section 4, so that the solution i is the same for any special case. ir > ate 7 


Pai We shall now give two > examples to show the application . of the » prin- 


of least least work. 


length of s of span 000, a, =1 118, a,=1 414, —— — 500 = half the height 
7 truss, and suppose the tre truss loaded at the upper apex v with 2 2 }tons, Me 
-_ giving vertical reactions of 1 of 1 ton each, with a ‘supposed perfect | roller — : 
under er one end. The: stress under this i in bar CD will be called 3 
ia bars OB or BD in in bars . AC o or AD and in bar AB AB the. 


ee 

Then n regarding all stresses as tensions, we can can deduce the 
equations by ‘noting: that sum the horizontal and vertical c com com- 


"balancing the vertical components of the in bars 


“+ 


~ 


— 
cir 
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We have thus’ expressed 8, in terms of : though ay 
than BC could ha have been s selected as the ) superfluous bar with equal 


_ propriety, the ease of elimination being the chief thing t to ‘conside, 
Now, if for simplicity, we regard all the bars as hav ing the same modulus 


of f elasticity ¢ and cross- -section, we have the total | elastic work of of deforma. 


tion after sizain, for all the bees of the tress, _ 4 


which hich ‘must be am minimum; therefore its differential 


eadily deduce from the resulting equation of of the the first degree as as to to 
tons, or 39 tons compression, 
whence, substituti ing in the above values for s Sy WE find 


(no roller) the term drops out of the value 


a equations (1), (2) and (3) still hold on n this supposition. As the work of 


aa 
ton = 0. 67 ton compression. 


On substituting this value, i in the expressions for Sy Sg Syy WO fad, 
tons = horizontal component of reaction, 


ton = vertical component of reaction, 


’ 


4 
for October, 1882, by: another ‘method. 
ew. Example II. —In the truss shown in Fig. 3, if we suppose th ‘the wal 


ls to be be equally taking te pension o or compression, | the ru 


is 


‘oy 


— 
| 
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— 
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“has one st superfluous bar, as m= 10 is greater by 1 than 2n— = 


Sa 9. Let the lengths and stresses be designated as i as in ‘the fig figure, and . 


for simplicity, suppose a common modulus and cross- section for the bars 


- included i in the investigation below. it If the he upper ‘segments of the chord 


are | taken equal, the reaction = = the left reaction =5-P. 


‘From these we can at once deriv e the stresses in the outer triangles 


Is ~ that they ean b be treated as external forces and we can confine our inv es- 


- tigation to finding the the stresses in ail ‘six six remaining bars of the central 
A, B, 6, x 


giving the relations 


Statics can furnish five independent 
between the stresses in the six bars, and the ‘Principle of work 
will furnish the : remaining equation needed. 
i Thus, suppose a section x v cutting the four bars shown, n, and that. 


- the action of the stresses in “the four bars and of the right reaction Q. 


the angle ABC = 9, and taking moments about B, 
regarding all st t ha 7 
eg ing all stresses as ensions, ave, 


aking moments about D, 


4 


Next, balance the vertical « components of the stresses at the section « > 


Also, since thes the sum the vertical. of the stresses ‘meeting at 


seeeee eee 


4 
:| 
ual 
4 
lue — § 
ups — 
us, 
= 
tal 
— 
b, 


‘Similarly for the point A 


treating AD, as the superfluous bar, we must express the 


= other stresses in terms of Seo which i is 3 easily done by elimination i in the 
preceding equations, and then derivatives given are easily fount. 


= — Cos. 


— 


: "Placing the derivative, with respect to s,, equal to zero, we detam, 


Mig tea) et + e= =0 
On the ont solving fo for s We we after 


=o 


ff rom m whence, by aid of the p prev vious wee an find all the other 
43 case the sections and moduli are token fee: the six ars, 
‘the solution is equally direct, but ‘the value of s, is given by a much 


Asi is well known, American engineers” generally the diago- 


deed 


nals so that they can take but one kind of stress; therefore, as there is 


and the previous method is not needed. 


ra As ‘already mentioned, the solutions. just given 2 are identical with the 
- method of section 4, so that so far there i is no saving in labor in using 


‘the method of least work; but the rale i is so simple and the principle: 
from a scientific po ‘point of view, that many wil 


no superfiuot us bar under strain, statics alone can n determine the stresses 


— 

— | 
— 
— 
— 
a 
i 

— 
= 
— 
— 
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Itis easily seen from these examples that the values of wu of Section4 


may be obtained, as can the values of — from the values of s — ; 


by making the loading on the truss zero and 8, =1, or vice versa 

. a = can be found a as in Section 4, whichever way appears to offer: 


the simplest so ectation. 
Section 6 —Taoss WITH any } NumBer or Su PERFLUOUS Bars. 
or THe Tueorem or Least Wonk. 


«Let us Suppose that we hi have a system of (n—1) bars, 
consecutively 1, 2,.. «(rn — 1), that we shall term “system a 


necessary bars, ‘and in addition three superfluous: bars numbered ny 
+ 1), and (n 2) so the complete trass contains 


Let us use the notation of Section 5 5, extending it to the case of the — 


‘atta superfluous bars" by the use of the ; proper er subs ripts. 
| We sh shall give in this article, besides, the followi g meaning to the 
i= 1 =stresses, in in bars 


1)o 
ward « each other from either end of the i 


oN” 


i= = stresses i in n bars L 2, 


Vn 
frame ‘supposed to consist of By ‘system 


caused by forces unity acting 


toward each | other f from the apices at 
- the ends of superfluous bar | (n + 1), all 7 


the su erfluous bar being removed. 
= same w when forces unity act along original 


1¢ 


7 
of 
| 
il 
the 
= 
=. “vs 
Frame supposed to consist of necessary 
— bars alone (system subjected tothe 
— 
— 
ssf 
. 
‘the 
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str stresses ¥, and and 7 can all be found by laws of statics 


alone, without the aid of the theory of elasticity. 


e shall further designate by, 


the amounts by which the : apices at the ends of +1), 


each other under the actual final stresses and by, 


w Anais An 
the a amounts by which bars mh, (a + 1), and ( 2) were too_ 
fit into the frame of necessary ars alone when wer no stress, pre 


temperature » changes or actual misfit. 


__ First con consider the system with the superfluous: bars removed and 
q forces 1 acting tow ard each other along line of superfluous bar 


‘Then by by the principle of virtual I velocities, as in section 4, we “ 
since Ja, + A, = OF 4a, = = -- (A, — ¢y8,) 
Day — Uda, — — _ + (A, — = 


Crs 

where Ady, are real changes of length of bars 1,2 


vin the complete structure under the final real 

change of f length (n $n) of the bar is of a necessary 
necessar ry bars alone, an and 

“ean therefore be found without knowing changes of length in the 
other superfluous bars at all. In: fact w hen the ‘*system NV” of necessary 
; — ars, is built up from the final lengths of mes necessary y bars alone, th the 


changes of length ¢, 8,5 Cy 418,41 and consequently the 


7 ‘new lengths of the three superfluous bars, must correspond exactly to 


~ 4 the corresponding new new lengths, thus fully determir ned from the fr frame 


of necessary b bars alone after stress, 


: = If we next consider wntenth N alone, acted on by for rees 1, directed 


tows ard each ‘other, , along line of superfluous bar (n + 1), we have, since 


Mes the stretch of bar @ + +1) (which must equal that deduced 


froma a consideration of the frame of necessary bars alone after deforms 


if we consider r only system N acted on by ‘forces 1 


Lan 
— 

3 4 
= 
— 

— 
— 
— 
ies 
— 
— 
¥ 
— 
— 
5 
— 
— 


If we substitute for Ja 4a; the following values, da, =¢ $,) ) 

= ...., We Can W rite the above equations as follows: 


“$4 


—— 


nasitns Ca — 428n42— Any2=0.. (3) 


bal We » shall now express the ‘final stresses of the an as fol- — 


substituting these v alues” in the ‘three preceding equations, we 
Sn +b Sp + 29 
that the latter can be rani, and on substituting their in (4), 


have three equations be between three unknown 1 quantities re 


« we deduce the v values of all the e remaining | stresses. ‘ In fact in 1 any case, _ 

we always: have as many equations like (1), (2), (3), ‘superfluous bars, 

1% 7% that be is always possible, no matter v hat the number of superfluous — 


real bars, to find the e stresses in in all the bars of the » complete t truss by follow- _ 


gives the so solution by the method of virtual velocities. We shal all 


Con: ing this ‘general method. 


oe now proceed to deduce the “theorem of least work” for thiscase. *% 
ssary Let us first note tha at Y,. ti func- 

Let us first note th _, in in equations (4) are not func- 
tions of s,, 45 +” but that the last three stresses are functions of 


each other; since any change yin any ¢ of them (due to o varying the sec- = 
penn, say,) will change the stresses in all the other bars of the e com- 


truss, just as min alent ‘external forces -replac ing the stresses in 


one bar, by being supposed to vary, can change the stresses in ‘the re- 


Therefore, if in 1 taking the derivatives of Sy With: 


respect to, to 8 Sp 419 Sp SUCCESSIV ely, we we ‘regard the stresses in all the 


jorma § superfluous bars as s constant, except t the on one with respect to which h the om 


Be differentiation is. is effected, the operation i is ‘equivalent to considering 
these ‘*constant” ’ stresses as external forces, which thus a are supposed 
have the actual, final values of the | stresses in the superfluous bar: 
this understanding, then, we can write the following 


equations derived directly from (4) by differentiation: 


“a 
| ae 
4 
4 
= 
5 
— 
4 
= 7 
the 
tly to 
frame 
ected. 
4 
— 
q 


n—b 
re 


4 substituting these ‘values of u, vands in equations 


(1), 


5 “i Now, if for convenience, we put the actual elastic vas done by 


anf system “ NV” ” of n necessary bars due to the fi final stresses equal to L, i. 


6), (7) and ) can be derived by taking | 
cessiv ‘ively the partial derivatives, v with respect to vs treated 


d f , of th : | 
inc each other of the expression, = 


[cn n+l n+1 n+2 


Sn +A n +1 8n41 + an +2 8, + 2] (10) 
and placing ‘separately equal to zero. > 


_ Inwo words, e equation ©) ee us that if we ‘treat the actual stresses i a 


work deformation of remaining bars, diminished by b the | terns 
y 


1) added, minus is to be a minimum, the s stresses in the 
‘superfluous bars" being treated as constant external forces. 
_ larly, equation (8) shows ‘that the work of deformation of eystem X 
with bar (a +! 2) added, minus An +2 Sn is to Le a minimum, th 


; = al “stresses in the other two superfluous bars being regarded a8 Cons 


7 external: forces, all the > equations being s agre eeable to the laws of f static 


ON THE METHOD OF LEAST WORK. 
— 
oe 

4 

— 
— ‘ 

— 
‘ 

— 
4 

j 
a | 

— 

aq 

— 

q 

— 

— 

q 


the by w hich the ‘superfluous bars ar 


‘0 , short, are zero, the results can be stated more ‘e succinctly as as follows: 7 he 7 


The siresses the bars after deformation, are such as render a 


mum the work of ' defor mation of the system n of 1 necessary bar 8, combined 


4 
oh one ne of the superfluous bar bars « at a a time, the the stresses in the rejected b bars — 


being tre eated as external forces, thes results ies always pa to the elaws 


a We have been precise in stating this principle, for Castigliano, yj 


deduces his conciusion in a totally < different way, states it inaeanes tly as 
one 
follows: “The tensions of the. bars : after r deformation, are suc such a: as ‘as render 


a minimum the work of deformation of the the system, havi ing regard t to the fa 


6 equations betw een the tensions of the ars.” The 
ie alluded to are ° those furnished by statics for each apex of the truss (not 
o - regarded as in one plane only), having regard to the conditions 1 that must 


be fulfilled by the external forces. vies 


- It is to be inferred from this ‘statement, which is is repeated in several | 


dink places, that Castigliano holds that the work of deformation of the entire 

fi ‘russ must be a minimum, Ww hereas it is only proved for ‘the 


trusses considered; ‘and in fact in the applications | given that 


to “compound systems,” the rule or principle, as we have de- 

-daved it above, is follow ed to the letter. _ Further, the demonstration 


given by Castigliano leads to the same 
— Ifwe call F the elastic work of deformation of call the bars, iain 


all the superfluous bars, we see that the expression (10) will be — 


the placed equal to give the (6), (7) and (8) n but in 
terns taking th these partial Sns mus be ‘Tegarded as 


Similarly where the frame fits when ‘under 


Sn» 


or the work of de’ ormation of the w is a minimum with 


respect Spy 4» ely, prov ided we regard these. stresses” 
45 independent i in the peraay It ives a simpler rule to to work — 


x 
q 
J 
sue: 
cated 
<5, 
4 
4 | 
| 
othe 
Sim: 
. 
pi 
mstat 
statics 
a 


when the we work of the whole is found and then 
successively as above, but we not lose sight of of the hypothesis that 


7.—DERIVATIVE OF THE Work or DEFORMATION WITH 


4 Consider a a truss of inv variable form, without superfluous bars, and let 
a force ut unity act in the direction of and along the line of action of any 


2 external force P. Then w hent the external fo forces are supposed removed, 

e -all uw the stress in any bar due to the force unity i in « question. Let us 

a _ suppose further that this bar elongates an amount 4 t= or the exact 


; = c s due to the external 


“and that this cannes the displacement Ap of force unity 
in n the direstion n of foree. ‘Then by the principle of virteal: veled: 


ta Tt u or s are compressive, they have thes minus sign in the above equ 
—— tion, s as is evident. _ Should 4p' thus become minus i in any case, ‘the dis 


placement will be contrary to the direction the supposed force unity. 


to find the displacement of foree 1, due to the 1 ral 


Rp of length of each bari in turn, we have, for ‘the total displacement 
of ex- 


But since this displacement is that caused by the ) actual stresses in all 
the bars due to the original external forces, it must equal the acta 


ly 
displacement of force Ps its direction, or the deflection of the 


truss in the direction of force P. 


7 stress in any due to all the loads 


— 
@ 
— 
— 
— 
ge 
— 
7 ternal force P, the known formula, 
| 
= 
4 
q 
since X is entirely independent of P. 
— 
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asd 

= 


which s s must be be replaced by X = + uP. 
de draw from this the important nt principle, of ‘the derivative of 
cor work,” that if we ex; press the work of defor mation of the bars as a. function 


of the exter nal fore ces, ts ts derivative w with respect to one of the Forces gives pes the 


ed, deduces, by its aid, the principle of of ‘least ast work. 


buy ee If we call I the v weak of deformation of the system F, it must be borne — : 
mind in  applyi ing g the principle that when. = Ip the dis- 


* placement is in the direction of the force; when minusin a contrary direc- direc- 


out superfluous members, i in which ever v external force, being independ- 


ent, must be represented by! a di different letter. rey, 


Where here two equal both toward from each 


Ks tion. The above demonstration refers only to an articulated frame wit allie ¢ 


pve along the same line, as in the case of the horizontal thrusts of 


a an arch hinged at at the ends at the abr abutments, are designated ‘by the sam the same 


4 letter P, if we call P and P' the t two forees aad F the work of deforms- a 
of the truss, give the of 


the motion is opposed to the direction of is 


_ orwith it; so that. —pr gives the total relative displacements of 


Pand P'. Similarly if the superfluous members in any truss are each 2 
supposed 1 replaced t by two equal forces at either end, e each equal | to the the r 
final stress i in the member designated by the same letter, say P for 

one e of the su superfluous bars, , then if F ‘represents the work of deforma- ay 


bars, then as before giv es the total ‘relative 

of the to which the frees 2 P and Pt are applied. Now if 


f, is 


— 

— 
4 
+ | 
uty. 
real “ | 
nent 
tual 
their 
a 
an 
4 


= P, ap = ==1, therefore the total deriv ative of Fy with: ree 


is apr or the total relative displacement of ‘the 


where and P are with this ‘interpreta ot 
: . results, it is not necessary, in the cas 8 supposed, to designate the t wo 
any apex of the truss is subjected to any known displacement 

- Ap, the above formula enables us to compute se value of the 18 foree P 

a at the apex when statics leaves it undetermined. ah Thus, if a truss withn no 
surperfluous bars, but not resting on rollers, is condition 
that the yielding of the abutments shall be | a certain amount 4p, 


horizontal | component of the reactions, P, is found by solving the pre- 
of the reaction: pr 


ceding equation 7 7p = = Jp, in which we express the value of the stress 

i oe" ber: as a function of P as before. As a particular example take ‘the 


Bracep ARCH AT THE T THE SPRINGING. 
q ‘We ‘shall Suppose thet the truss proper has no ‘Superfiuous 


~ but that it is subjected | to the condition that the ; span is invariable, 
-) 7 Call P=H= horizontal ‘component of the thrust at the abutment, 


the corresponding displacement of H being 


ahd Then calling, as before, Xue stress in ab bar due to to external loads oa 


=~ ih vertical reactions resulting, H being omitted, we have from equation (1), 


cot 


ng on un ity, acting inw at the | other 
2 abutment. From this equation, , in which A is the only unknown 


ae ee quantity, we can at once > find the value 0 of H and then the stress in any 


bar from the equation, s= =X +u ui. 
_ Another method of procedure has. already been illustrated for this 
ease of span invariable, i in sie 1 of Section 5 5, by simply considering 


il 
— a 
— 
! 
— 
— 
— 

— 
— 
— 
— 
= 
— onurepre- 
— 
— 7 sents the stre:s caused in any bar by a force unity at the left abutment, 
— 
| 
q 
— 
— = 
ae. oa get in this way the stress in some bar of the truss from the resulting | 


as this method. 


Here we have two unk nknown forces to determine, the vertical com-— 


ponent | P and the horizontal component H hott the thrust at the c 


. or the action of either half of the arch u upon the other half. _ Suppos 


to o the left ‘and upward, 80 ‘that Pi is positive upward and 


‘to the left in 1 considering the : action of the right half upon mn the left. 
Calls the actual stress in a bar of the left half d due to the final loading, 


$ o = stress £ from fo force 1 alone at crown n acting downward and opposed ay = 7 


to direction P, ‘u = stress from force 1 alone ac ting to sight at crown 


deft halt by the actual loading, when P end H are zero, 0 or no thrust, at 
the crown. ‘Designate by 5), the same e quantities for the 
tight h half where P and vertical force 1 act downw ard, and H and 


1 act to right, at the crown, n, 


XxX, + A+ P. 

5 

since the vertical and horizontal downw and 

the right respectiv ely, at the crown from the final stresses of the two 

tales aust be separately ‘equal, we ha have, from the ee above, 


— 


& 


_ 


these two eq: sabstitating th values o of s and 


ing om a be found the two ‘unknowns Ha and from Ww values 


— : i 
the horizontal thrust and other stresses as 
= 
ion 
he 4 
re 
the 
= 
— 
' 
; sum = in the 
_ members extends to all the bars in the left half, and the 
_ right members extends to all the bars in the right half, of the arc a a 
These equations can otherwise be w d 


Bracep witHouT HINGEs. 


j | ‘The braced arch w ithout hinges, and with but one system 0 of triangu. 

lation, is shown i in in Fig is plain that with immovable abutments 


the figure of this 3 arch, i. , all the apices, can be co mpletely defined i 
out three bars, say AB, » AC and CD; for, on working from the 


right abutment and fixing each apex by two sides from twos apices already oe 
established, we finally determine the position of apices B and C, so hat Be 


with the immovable points . Ae and D of the left abutment, the positi on 


of the truss is completely | determined without knowing the lengths of the i'd 
aides}AB, AC and CD, which may thus be regarded : superfluous in 


defining the form of the ‘truss. 2 

a Moreover the lengths ¢ of the bars so named must e tly fit the edie 

7 ¥ _ tances between the apices B ond C so determined anid e fixed points 

3 D at the abutments. 

Designate the e superfluous bars rs AB, AC and CD as bars n, n a and he 


2 respectively, their 
actual, stresses due 


“loading by Sys Sp, 
ail and cross-sections, by 
We shal designate the system composed of the remaining | bars as 3 
system 1 N ” of necessary bars, as they can alone define the form of the 2 me, 
truss. stress, and cross-section of one of the 


“necessary bars will be designated generally by the letters s, a, e and @, — 


‘the sums below will refer to the necessary bars alone. 


Let us call Y, u, and r the : str resses  cansed i in a bar of th 1e 


= ing from B toward A, force 1 acting from C toward A, ‘and force 1 ‘acting 
from ¢ toward D; whie ch stresses can be the laws of statics 


‘The work ot of the 1 necessary alone i is, 


9 


q 

— 

— 

— 

— 

7 

| 

— 

— 


Now, regarding Su as constant exterior forces, w we have by 


as 
with respect to S, 41 and 8, , », successively, will give 


ie displacements 0 of point Bi in the direction BA, of point Calong. CAs 
¢ of toward D, respectiv ely. Now as these displacements, added 

to the changes of ler length of bars AB, CA and cD, Fespectively, must 


equal zero, since the points 4 and Dare immov able, 1 we must have sepa- 


ray 


SES 


$n 41 


19,41 


+3 


- the others. a On substituting the values of s given above, ‘also the the ian 


=v7, we have three equations | between 


the three unknown quantities s,, 8,41, 80 that the latter can be 


“fo from which the values of all the remaining 8 stresses can be deter-— 


mined from expressions of the type, s = Y+u 41 + rs 


8.—SEconD OF ‘THE THEOREM oF 


1: ter the 


‘deflection just demonstrated. 
Thu Thus, ex employing the 1 notation en in the last example, fo 


kind with any number of superfluous bars, numbered + n,n + 


ee ‘the total elastic work of deformation of all the bars, includ- 
ing the superfi = 


the sum 


1 “4 extends to the necessary barsalone. It i 
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a 
ima 
— 
| 
7) e theorem of least work can likewise be given , — 
— 
of superfluous bars. by aid of thetheory of 
stood, in this and subsequent expressions, that for every value of the ‘4 a 
stress s in a necessary bar we must substitute expressions of the type a 
iven a a! — 


so that F will be express sed as a function of Sy r 
‘Now, designating by L the work of defor mation of the necessary 


a 


bars alon ne, we have, 


in which L must be expressed as a function of 

Now, consider the superfluous bars n+ temporarily re- 

mor ed and their action two forces for each bar, each 


— 


assume, in framing out t equations, that all bars are in tension. ot a 


has been shown above that treating these forces 


external forces and independent of each other, that represents 


‘the i increase in distance  betw een the | apices at the extremity of barn, 
‘the minus sign being used eines the two forces Sn» Sp replacing t the ten- | 
hy sion of the bar, actin the opposite » direction to the dis slacements. 


‘Now, since s, is supposed to equal the actual stress in bar in the 


complete structure under the loading, it follows that — = which rep- 

res resents: the | exact increase of distance bet apices, must equal 


the of the bar x the stress s, when in place; therefore, 


we must bere wey 
8, 


-_ We sh should have a ‘similar ‘expression for each of the superfiuous bars 


as many equations as unknown quantities. 
a Now, each of the type just ‘shown can be found by’ taking 4 


tos treated a as independent of each other, 


2%. and) placing the results s equal t to zero. In other words, to determine t the 
7 _ unknown s stresses we express the the - work of defor mation of the whole & sys 


as function of the stresses. in the bars taken as superfluous, then 
treating these stresses as independent of each other in the differentia- 


af erfiuous 
tion, w we express that the work bars and one supe 
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ber at a time be a minimum. whic h constitutes what 


the method of least 


9. 


NOT ALL FREE TO MOVE AT THE 


ae treating of a solid beam, straight or curved, which may of itself ae 
sufficient structure either alone or when in combination 


with other p pieces, we shall assume with Lamé, St. Venantand others,  :: 


‘solids are composed of very small molecules, ‘separated by very small 


intervals, Further, we shall assume as the result of experience, that— 
mare When the « distance between two ‘molecules has been changed by all 
quantity very mall i in relation to the distance between their centers, 
from the of exterior forces, there is dev eloped along: the line 
rs, an elastic force proportional to the change of length of 
distance, which is attractive or repulsive conning as the two 
are made to recede from or | approach each other. 
The law | being admitted, we see that all the bodies and elastic 
systems whatsoever er can be regarded as articulated systems, and 


quently « enjoy the properties: of such sy sy stems s already demonstrated, for 
the ie hypothesis is is identical witht it the law of elasticity first assumed in fa 


Hance, , from the reasoning of Section 7, we have for all kinds of elastic 
systems, the following theorem for ascertaining deflection: ‘a 


we express the work of deformation of a body « or an elastic as a 
function of the exterior forces, including the stresses in the s super erfluous bar. , x 
(fan y) pendent exter exterior the derivative ¢ in 


When this derivative i is plus, ‘the displacement is sin the direction of 


the force; when | minus, in the opposite direction. ee 


work for of a an elastic system: 


elastic 


ae a fe certain stresses, laken with “respect to 
regarded a as independent during og the entiation. 


al 
EXTENSION OF THE THEOREMS OF DEFLECTION AND LEAST 
4 
at 
— 
AR Section I. bi = 
4 
3 
— 
— 
q 
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finding F, ‘the work deformation of the ‘system in 


of certain stresses s, Sn; ‘8, ; the subsequent work co: consisting simply 


placing the partial deriv ativ es of F’ with Tespect to | Sy 
regarded as independent variables for the nonce, equal to thus 


from which the ‘ato once found by 


a tion, and subsequently the molecular stresses s anywhi here i in the system, 2 


No ow it often happens that it is more convenient toe express the work 


cular’ stresses, ac ting along certain interior plane faces, than to express. 


ia) 4 this work in terms of certain n elementary molecular stresses as assumed. : 


ao of deformation in terms of certain resultants and moments of the mole 


: >. But we shall find by the aid of the followi ing investigation that the above 


7 theorems hold when we substitute the new unknow n quantities for for those 4 


10.—CHANGe of THE UNKNOWN QUANTITIES. 


Suppose that the work of deformation of an elastic sys stem n may be 


ve expressed as a » function of certain unknown stresses P, Q, R...., which, * 
according to the theorem of least w ork, should be determined by aa 


_ the partial derivatives of the work of deformation in veletion to these 


quantities equal to : zero. 


Now v when it happens, as it does very often, that these forces can be 


1 


expressed as a function of an equal n number of other waknowan quanti- 
connected to the first by of . the first 


Cyr - 3 


4 
— 
— th 
— 
— 
— 
- 
— — 
= 
— 
— 
a function of the 
= new unknown quantities, equate 
tng to zero the derivatives these 
— 
i 
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In fact, if we call L the work of deformation of the sy stom, we can 
regard Las a direct function of the u unknown s stresses P, Q, J Bic and oe 


these as fr func tions of the new unknown quantities from 4 


on have then, by known rules of t the differential tial calculus; 2 


aP dQ , ab aR dR ice 
dQ dR 


on ating for— their values dy 


obtain the first of the followi ing relations, and the others: are ¢ simi- 


ip + % d ah 


C3 


as a. from the e equations 


0 


Wes shall now demonstrate the followi theorem: 


ficient of the work deformation of a 

x elastic system with res ect lo ‘the moment ‘fs 
j a@ couple composed of two external fore ces, 


taaeng to the straight line which joins — 


of this line an axis perpen 
dicular to the plane of the ‘couple. “ 
In Fig. 5, the two equal but opposite { 
parallel external forces P and both 
‘ perpendicular to the straight line 4A! joining their points of appli- 


cation, form a couple whose moment we shall call 3 in 


t case represent ‘ external acting on a structure or forces 


— 
im 
7 
= 
a 
“2 
— 
a 
— — 
ff 
iia 
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replacing the “stresses in certain bars, which will be treated exactly 


they we were independent external forces in any y case. 


— 


(= 


_ ial we can regard the work of deformation of the whole system | ot 


“necessary bars as a function of the variables P', which i in their tum 
be e regarded a as functions of M, so that the deriv vative of Fin relation 


aM ~ aM Aare 


1 


— 


Now, by section 7 a7, and —, give | the projections of the dis 


placements, along the line of of the forces P and P' pe of the bad y 
points of application of these forces. 
_ If these displacements are directly along the directions of the aul Ce 
as AB A 5, then it is evident that, for case, 
— 


expresses the rotation of the line AA! an axis perpendicular to it 
a - _ "projections of the new positions of A and A' on the plane of the couple. 
ro i It is evident that the rotation of AA' about an axis perpendicular t to the 


plane of the couple i is expressed by the angle between the lines 4 Ad! 4 


and Now, if from the ‘point ¢ we draw the ‘straight line 
parallel to and from the point the line Cd perpendicular to 
AA! and if we prolong the straight line AA! to a, we see that and 


ab will be the projections of the displacements | A! Cc, AC upon the diree- 

tion of the forces, and will have for values - both plus: (Beo- 


ve tion 1) when these projections fall upon the ‘side of the — both 


minus when fall on n the side of their prolongations. 


— | g 

= 

— 

— 

= 

‘= 

q a 

4 

a 

t 

— 
t 
— 
‘ 
t 
| 
— 


the A'a, Cc, as infinitely small in ‘relation to 


the e partial derivatives are both ork both minus, 
as the projections of the dis 


the direction of the or their it follows thi 


dM” AA‘'\dP dP' 


wl be plas or the rotation ‘straight | line 


4 

“forces as in a beam, uniformly increasing from 


b a neutral a axis, as in Fig. 6 (which can be sup- a bs 


posed to to Tepresent the action of the beam 

right of section on part to left), wl a plane se 

“tion AB ot the beam before eile is plane after — 
strain, the ‘same principle holds, and it is to be 


observed that the ‘rotation of the couple Plis is 
the same as that of the line AB perpendicular — 


the forces, repr presenting the rotation of the 


wo, or r of t the plane section AB after strain. ar . 
this is not evident, call = the angle of rotation of section AB 


aot C, call p any elementary force below a a . distance x, and let x, be 


“the distance of P below a, the rotation of couple I ", formed of 

tt ‘the two resultants P ona by the principle of ‘virtual 
since. ce Pi ‘is the resultant of 


Fiz 

— 
= 
™ the rotation of 
4 
— 
a * 
aa — 
rigs 
i 
— 
4 
both 
— Sal 
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4 the sum = from C downward. since by the principe 


‘it follows that a, = a, which was to be sere “Hence ii in 9 ail case, if 

- represents the moment of the « couple PP’, ar giv es the rotation ofa 

plane section AB (Fig. 6) after strain. ‘It must be carefully borne in 


mind that the forces P and i in question must be treated as independ. 

ent external forces, , for | the demonstration of Section 7 shows that 

- > represents the Ditedin along P of the a apex to which it is applied, 

_ only when Pi is treated as 3 one 0 of the external forces acting on a truss 


without superfluous members; similarly for P! 
It is important to note in both ‘the examined that if the 


+t 


ao 


partial derivativ ar forces P and P" (which generally 


dap" 
replace certain stresses) must be regarded as independent of each other 


and of the stresses in the superfluous | bars, w hich are conceived to be 
4 replaced by constant forces havi ing the values of the final stresses i in n those 
i bars (thus giving atruss without superfluous bars, to which the theory af 
deflection applies), so that the terms involving these se stresses disappear in 
a +} _ Thus to express that the rotation of a certain couple in a ‘structure is 
bts a, we find an expression for F’ the work of deformation of the whole 
‘truss in terms of Mand certain stresses, in superfiuous 
; bers. _ Then although the value of Mn may aati upon the values 0 of 7, 
8 cseeey th the rule deduced for rotation requires that we differentiate F 


with respect to ‘0 the letter M, treating T and § ...., as ‘constants and 


‘We have been precise in stating the e method of dealing with F, the 


whole of deformation, for om, as -Castighiano ba 


bat 
any 
nea 
— 
the 
— thr 
ift 
= 
— 
an 
— 
a 
= 
7 
method of virtual velocities, that we have used in demonstrating We 
principles in question, is so precise as to cause no hesitancy in the 
— 


CAIN on THE METHOD OF ‘LEAST WORK. 


applied load the work deformation for the Tength 
and for a beam of length Jexactly, 


DEA Pde 


Similarly, if Si the shear at any point, then at a distance di 


i axis, we have another equal but opposite i 
- shear 8 which moves, relatively to the first, 
distance a de, if a@ is the angle (in 

through "which the part dx of the axis is” 
turned; then calling the modulus of sheer. 


elasticity, we have th the k known equation, 

‘if the shear is s regarded as uniformly distributed over the the cross- section, = 

‘and if the load is gradually the work o of deformation fo the 


5 Work or DerorMaTion TO > FLEXURE, 
Wesh shall assume the well- known formula for the w unit 
distance 1 ° from the axis of flexure, when acted on bya couple whose Gad 
oment about this axis. is called M, the corresponding moment of 
tia = section being 
ai 
Fig. repr 


section AB is taken at O and at right it angles to the aprwened of the 7_ 


The aris of Z will be supposed to coincide Wi.. she axis of 


eformation of a tie or strut, is given by equation (3) of 
bes varying with the stress is uniform at each cross-section 
engi piece, call P the longitudinal stress at a 
bed any point, norma: to the cross-section of area A, and regard it ascon- 
fre 
ais 
0 
ig 
vy 
a 
— 
hee 
hoe 
of 
arin — 
= 
= 
g the — 
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flexure, so that the moment of inertia of the sails AB about the» ae 


.. Now, if we consider another cross-section CD, Ax from the first, wees 


conceive the stress f on a fiber of of _ Cross- -section unity, to to » be nearly u uni- 


for for the small distance 4 sO that | the work of — 


Me? 


the fiber i is regarded as shaving a & cross section . the: work 


‘Hence the to total of on an ‘elementary slic of the 


4 Section lis a gradually head, 


long i is smeatly, P 


length lof the prism, as Ax diminishes indefinitely, to get the exact ax 4 | 
‘pression for the work of due: to 


all 


to 


OF DEFORMATION OF AN ARCHED Bram CONTINUOUSLY LOADED, 
ITS Axis IS ANY WHATSOEVER AND THE 


VARIABLE. 

Divide the axis of the solid into an number n wil each ¥ 
t 


the same length 4 and 80 small that they c can be regarded view sen- 
sible error as. straight, and number the s sections, beginning at one end, 


«0, 1, 2. 8,. continuously, Then designate the moments of flexure 


f 


s about horizontal axes passing through the centers of grav ity of the sec- 

tions M,, , M,. respectively ; the normal stresses P Py 

and the corresponding shearing forces S,, Sy» the 


in case e referring the section so numbered. ‘The total work 


we 
— 
— th 

— 
— — 
— 

| 

a 4 

— 

of 
— 

a 

| 

x 


on ‘THE or ‘LEAST W ORK 


Now, if we di describe a @ curve, taking for abscissas the values of the 
nD n being tal taken at one end) and for ordinates the correspond 


of it is clear that the area this curve, axis of 
abscissas as and the extreme ordinates will be by the integral, 


according to o Simp we can express” approximately 


“this area in the followi ving manner: we divide the portion of the axis of 


~ abscissas comprised between the .e extreme ordinates into an even number 
of parts, each of designate th the ordinates at ‘the | he successive 


of divi ision, Yoo Yor Yns then the area sought is equal to, 


“< 
Applying the same to the other terms, the 


e entire sclid equal to, 


gt 


n—1 


A, 


If quantities P, S, I, Aare not continuous functions of the 
(in which case s formula is applicable) w ve n must 


the solid into such portions as are continuous, taking a as points of | < 


— 

ill — 

: 

cof 
— 
— 
sgn 
DED, = iia 
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each ¢ of these parts and aaa the results 


A The : above formula is equally true for 8 a . straight beam, and it is inter 
esting to note in the last case that: when the section of the ‘solid is is 


regarded as 18 constant, the formula is as can easily be 
- As it stands, the formula is practically ¢ exact, , and affords means of 


investigating the strength and ‘stability of of the arch of ‘variable cross. 
section, which ordinary analytical methods 1 leave untouched. 
on iat For special cases of straight beams, | the formula can be modified 
7 slightly with advantage, but we shall not stop to consider further the 


applications to straight beams, as methods suiice; ‘but it maybe 


remarked that the method of work leads to the well known wn Soria for 


and deflections beams, ond: some of the ‘Solutions are 


SECTION 18.—Sou Soup Ann AT THE 


=. Sienties and magnitude, havi ing given | the dimensions of me arch and 


The I on any normal section of the arch is generally inclined 
to the normal to the section, and may not pass through the center of 


i 


avity of the section. ‘Tt can therefore be decomposed into a normal 
pressure P and shearing force S. if y we conceive two opposed 


4 aia each equal and parallel to P to act at the center of gravity o of the 


-_ eross- -section, we do not disturb equilibrium; but we have the one force P 


— a uniform compression — over the cross- “section, calling o its 


aN 


“area, , and the with the original component P acting st 


a dis distance d from the center of gravity, givi ing a couple le whose ) moment 
— is M= Pa, which comnes 9. a stress uniformly increasing from the center 


— of gravity, tension on one side, compression on the other, w hose amount 
1 is TT where v' is the distance of the fiber experiencing this stress 
‘from the neutral axis and J, the moment of inertia of the croseas ~section 
about a horizontal axis passing through: its center of gravity. The 


7 ¥ AS ‘maximum 1 fiber stress i is experienced at the intrados or extrados, sothat 
if ” represents t the distance from the center of gravity of the cross-seation 


‘ to ‘either curv e, we have the maximum unit fiber stress given by the 


— 

q 

— 

— 

— 4 

4 

| 

&§ 

— 

— 

7 

— 


Si milarly : at — crown joint, we can decompose the: single resultant there _ 

into a normal thrust (p) acting at the center: of gravity of the joint, a 

shear ( (s) acting along the section, and a couple ( (p, AY whose m moment i is — 


“Sane Then by the method of the derivative of ‘work, ‘if ‘if we suppose ¢ one-half } 7 


of the wean remov oved and its ac action at the crown to be replaced by y the - 
; forces P p ands, 8, W hich, regarded as external forces,» will hold the o other il 


half arch with to either of these forces will give the 
i. ing displacement 0 of the ‘erown in the direction of the force (Seotion %), 


‘Thus if and L’ respectively. work of deforma-_ 
tion of the left and ‘Tight | halves of the solid are ch considered, ‘ 

gives the horizontal displacement of the point of application at 


“the he crown of the left hal half and and for the right half; that 

= O, where L= = L' + L” 
“p 


he Lastly, the me of the se section of the crown for the sen semi- soils to the an 


—_ same results can be ‘deduced 1 by the principle of lea least st work ¢ of ), 
Section 9. Thus it is easily shown, that the complete stress s between any ; 


two molecules ¢ can be expressed as a linear function of p,s and m; 


we can deduce the values of sand m, and hence of L, in 
‘terms of thes stresses by at three points, ‘hich may be regarded 
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ition, 
h and 
hand 
ter of 
of the case and to the right in the other. Similarly the vertical displacements 
wits 
ng at 
stress. 
action 
The 
othat 
y the 


‘ 


3 

already given. Also, »since at any cross-s -section as 2, M, = dy, we 
tm the distance of the « center of pressure on that joint from its center of | 
gravity given by the formula d, = from which the line of pressures 4 


7 


as found by the method of { deflections. 

he tedious part of this solution isin Anding L. toa do this, we pro- 

eed, as in Section 12 , for the arch | of variable cross- -section, to divide 


the line passing through the centers ers of gravity, of all the cross- 
of the : arch ring into an even number n of equal parts, of length i, and 


- denoting the normal pressure, shear and moment at any cone 


ob the letters p, s and m w ith the subscript pertaining to that crose-seo- 

- tion, we have the total work of deformation given by formula (5 (5) at 
: _ Section 12, in which, however, the terms pertaining to s can can be omitted, — 

producing no sensible influence upon the In fact for first 


nce 


It is ev ident that the Of mM, P, 81) Mz 


o in be expressed as linear functions of m, p and s for any kind of load- 


appr roximation, the givin 


ing, so that L will eventually involve only terms of the first and second — 


_ degrees as to m, p and s; and when we differentiate L : ‘successively 


respect to m, p and s, place the results equal to zero, we have 


three equations of the first degree with seupest t to m, ant 8 
which they can be found by elimination, and ultimately Diy 


- and the maximum fibre stresses at any of the cross-sections by a orm i 


ean be draw if and s can combined at the crown, at 


the distance d = from: the center of ‘grav vity of the crown ; joint, 


line « of pressures can be located by the usual al graphical construction. 1 


thus giving the desired resultant ‘Pressure § at the crown, ! from wl whieh the 


‘Stresses Due To 


|| — 

whence by Section 10, since can be e — 

> 

| 

— 


‘be exactly ~ same in n the tw ioseen but the distance betwe een the 
“centers of these ‘sections, originally l, would be increased by - 
where ais ‘the inerease of length of of the material of the arch length 


unity, and arise of 1 degree of temperatn nre. Now, since the s span and skew-_ 


backs are invariable, the crown | joint of of the left half of the arch, if free . 


to expand by itself, would move to the right, me that of the right _ 


| if free, to the left—distances whose sum =al (¢— t). | But the new thrust 


at the _ would d move this this joint to the ne left, if acting only on the left — a 
half of the expanded half arch, a distance. a , and the crown joint of — 

the right half, free, to the right, a 80 that the 


exactly equal a/ (¢—2), in in order of the tw 


| 


to of the 


From abov re, the vertical displacements of the crown 
for the two halve es, as well as the ‘rotations, must be equal and of 


opposite te signs, so that we deduce as as before 


in addition to the previous ‘equation, from which equations the three 
“unknown quantities, p, s and m can be found as before. 2 If it is all 


“A 


- to find the stresses due to temperature alone, then the terms in L pertain- 
loading should be omitt tted. 


In this: arch the position of of the horizontal al thrust | p at the 


is known, and by working from an ‘sbutment we - easily © express 
My Pry 815 My, 29 Pay ee ,in terms s of p Pp »alone, and thus find L from form- 
ula (10) of Section or faverishle, determine we 


al, 
= and for 
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the arch was freeto 
slide horizontally the distance ai (¢' —?) from the rise of temperatu 
the thrust p acting there re would have to force it back a distance a 
_ in the direction of the force, to cause the end to assume again its “~ 


ont The last formula i is evident, since i it on ee 


ere 


If one end of the arch is on rollers and a a tie bar of length 1, section — 
@ and modulus e connects - aad its increase under the horizontal _ 


Here the end i | is moved in_ 


¢ 


ew 


ax There are no stresses due to temperature in this arch if the tie mal 


arch are of the same material. 


To ge get the vertical deflection of the crown under an any loading, co con. 


ceive a small force q to act vertically down’ nward there, and find Lthe 

total work of deformation as before for any of the cases examined; then 

= vertical deflection at crown, no matter how small q is, and hence 


Secrion 14.- —Composirs 
Space forbids giving any etebia numerical illustrations of the 


— —— work; besides it is unnecessary, as ( Castigliano has de devoted 


” 


16 65 pages to the applications, which 


there: ied be no difficulty i in following after v what has preceded. ‘Some 


of the numerical results, however, are interesting by ~~? of ot compa 


a. 7 ‘Thus in in the trussed beam, Fig. 8, where the beam i is = ial 8 meters 
4 0.2 + 0.2 0:2 2 cross- section, and , and the ties of i f iron .024 024 meter in diame, 

the load is taken at 180 ) kilograms per meter length, and it is sup 
grees C. 


Ve 
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2% ‘The work of the two short wooden struts i is s neglected, because as is 


stress in in the tie ties and beam is easily expressed by | @) of Section 
i: n terms of T, the tension in the inclined ties, putting the co-efficient o oy > 
elasticity of of iron as tw elve times that of the wood. The work due to © 


flexure of any 7 one of the three segments of the horizontal beam can be 
‘compute b by the formula M "dee, by expressing M as a function 
ot the from one end of the segment (thus for end segment 


M= =- Re + Tes sin. + pa”); or we can use, from (5) of Section 12, 


derived fr from this, : 
sum sum of the elastic work of the ties and will now 
par’ be expressed in terms 
by Section 9 we find the 


true value of the tension 


Ti in the inclined ties, by 
placing the of 
this is sum in relation to 
to zero, ‘giving 
= 2 120 kilograms, ‘from 


the other stresses 


can at once be found. . 
To find the stresses: at another temperature, t by Section 6, we must 


add ithe term — to thework already found, representing by A the 
‘eiatiest te ¥ hich each inclined tie is too short when the horizontal tie 


is placed in position at ‘the new temperature, and again 1 place the deriva- - 


tive of the sum with respect to T equal to ze ero. 
pe In this sway we find at the e temperature 40 degrees ©. (104 degr ian 


ameter, /Pahr. ), T= 1380 kilograms, and. at — 10 10 degrees C. (14 degrees Fahr. 


is sup 2 410 0 kilograms. ‘The bending moments “are represented 
the ordinates to the dotted curves shown in in the figure, the maxima 
: for b 15 degrees C. and 40 degrees: C. _ occurring at the center of the beam, 


— 
= 
= 
( 
ction 
— 
and 
L the a — 
ta ff q 


where the greatest. compressive stress due to flexure and the unifies 


longitudinal compression ¢ combined, is found to be 20 kilograms | pe 


oqenre centimeter at 15 degrees C., and 32 32 kilograms at 40 degrees 


pie 


maximum stress at — degrees “occurs rs at 1.15 meters from the 


en end and is 15 15 kilograms per square ¢ centimeter. 


As it will be instructive to compare re these exact venules with wl 
mate ones computed on on the supposition « of hinged | joints, ‘and that 


beam does not aid by fi flexure s except in carrying the @ load on any seg- 
"ment of it to the ends c of that segment, I have computed for the al. 
reaction 472 kilograms, T= 2 2 215 ‘kilograms, and ‘the ‘uniform 


pression a along the the beam = 21 163 kilograms. Now, regarding the end- 


4 segment of the beam as & supported beam, 2. 75 meters long and 
2 loaded v with 180 kilograms per + meter of length, we have the ae 


compression in the top fiber = 127 630 kilograms per meter, 


which, added to the uniform compressive unit stress 2 163 = 
7 OB 075, gives a total maximum of 18.1705 kilograms pe per square ‘centi- 4 
_ meter. ter. Similarly, the t total maximum for the middle segment, ‘regarded — 

“fixed at the ends,” is 12. 4385. ‘kilograms per square centimeter— 
--yalues below the 20 kilograms ‘per square centimeter found above ove for 


degrees C. and far below the 32 kilograms found for the 40 degrees 


see from comparison that whilst the values of do not 


greatly: for. changes in temperature, ‘yet the fiber stress in the beam 


experiences ‘very wide le changes for this combination of wood and iron, 
and that an approximate computation, as above, would not be on the 


a - a a side of safety, at least for the cross-sections ns given. 

-CurvED Roor Truss Tre Rops. PLATE XXV. 


—, >. In the ites design shown in the plate, of a curved iron truss with 


tie rods, it be found for sovamed dimensions en in 1 meters, thet 


: 4 Sections | 0 to 2, and 864 kilograms from Sections 2 to. 4, that the siren 
narked 7; and 7; are respectively 7, = 16 690 and 7, = 200 


kilograms. ' To find these values the elastic of half the truss was 


found i in terms of T, and Ty an and then the partial derivatives of this work 


_ in the ties m 


~ _ * The arched member has a total depth of 0. 6 meter, and its flanges are each formed of 
=a ‘similar irons, whoe se combined area = .003898 square meter, and moment of inertia, 


: 


otk 


— 

| 4 

a 

= 

— 
4 

— 

im 

a 

7 

A orizontal axis midway between the flanges, = 

— 


+e The usual statical computation on the supposition of hinged joints - 

gi gives = 18 000 a and T,= = 1340 nearly. ‘There is a wide variation, 
the bending moment for -sections 0, i, 2, 3, 4, as shown in the: 


The upper figures 1 refer to the exact, and the lower to the: approximate, . 
method of computation. greatest st fiber stress, including the »longi- 
“tudinal “compression, is by the y exact me method, 807 at Section 2, , and by 
_ the approximate, 770 kilograms per square centimeter at Section 1; 380 
that the of uniform would 1 be safe if designed by the 


ij “approximate e method. + Is ‘it ‘not best in practice, however, er, to actually 
make the at 0,2 and 4 > that sections can be designed 


| 


come in to disturb the « computati 


for any elastic ec loaded or not, that 


bow work of the: members con generally be expressed i in terms 18 of the a 
unknown stresses ‘in certain ba bars; and that the partial derivatives s with 


res 
pect to thes these stresses, put equal to zero, furnish | as 
as ‘unknown 80 that the latte 


may to know that if the arched member above 


placed bya straight beam, as in the ordinary form of root truss, that the — 
greatest fiber stresses, computed by the exact and 


methods, do not differ much, Gontigttenshes has also worked out the stresses 


"member by pins | passing ng through the of g grav ity of the ¢ 


sections, The centers of pressure at these sections were frequently found ~ 


— 
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with 
— 
that iF 
from 
— 
was — 
rork 
— 


308 


SY 


ere much lar 
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lie as much as one-fourth the depth of the arch from the center, 
that the fiber stresses than statics alone would give 
that the unit stresses in the continuous upper chords of our or 
= trusses are in excess of those given by usual methods, and simply 
hypothesis of joints perfectly free to move is never realize 4 
‘useless then to enter into any great refinement = 
— 
| 
— 
— 
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